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Rapid Near-Optimal Aerospace Plane Trajectory
Generation and Guidance

J. E. Corban,* A. J. Calise,t and G. A. Flandrot
Georgia Institute of Technology, Atlanta, Georgia 30332

Problems associated with onboard trajectory optimization, propulsion system cycle selection, and the synthe-
sis of guidance laws are addressed for ascent to low Earth orbit of an airbreathing, single-stage-to-orbit vehicle.
A multicycle propulsion system is assumed that incorporates turbojet, ramjet, scramjet, and rocket engines. An
energy state approximation is applied to a singularly perturbed, four-state dynamic model for flight of a point
mass over a spherical nonrotating Earth. An algorithm is then derived for generating both the fuel-optimal climb
profile and the guidance commands required to follow that profile. In particular, analytic switching conditions
are derived that, under appropriate assumptions, efficiently govern optimal transition from one propulsion cycle
to another. The algorithm proves to be computationally efficient and suitable for real-time implementation. It
will accommodate general functional dependence on angle of attack, a normal component of thrust, acceleration
limits, and constraints on maximum dynamic pressure and maximum aerodynamic heating rate. The paper
concludes with the presentation of representative numerical results that illustrate the nature of the fuel-optimal
climb paths and the tracking performance of the guidance algorithm.

Nomenclature
Q = inequality constraint, dynamic pressure
C2 = inequality constraint, aerodynamic heating
C3 = inequality constraint, tangential acceleration
C4 = inequality constraint, normal acceleration
CD = drag coefficient
CL = lift coefficient
Cj = thrust specific fuel consumption for engine type j
D - aerodynamic drag
E = mass specific energy
Fc = thrust component aligned with the velocity vector
Fs = thrust component normal to the velocity vector
/ = total fuel flow rate
/max/ = total fuel flow rate for any number of independent

engines of type / combined, with each operating at
a stoichiometric fuel-to-air ratio

g = acceleration due to gravity at mean sea level
H = Hamiltonian function
h = altitude, given by r—rE
J = performance index
L = aerodynamic lift
M = Mach number
m = vehicle mass
n - total number of different engine cycles employed
n— p = number of engine types employed for which fuel

flow rate varies in direct proportion to <p but
thrust varies in a nonlinear fashion with <p

HI = component of acceleration aligned with the velocity
vector

«2 = component of acceleration normal to the velocity
vector

p = number of engine types employed that exhibit linear
dependence of both fuel flow rate and thrust on r)

Q = aerodynamic heating rate per unit area
q = dynamic pressure
r = radial distance from the center of the Earth
rE = mean sea level
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Sj = switching function for bang-bang control of ^
5 = aerodynamic reference area
T = net thrust
Tk - combined thrust of any number of independent

engines of type k, k - 1 to p
t - time
tf = final time
U = pseudocontrol variable
V = velocity
W = vehicle weight, taken at mean sea level, mg
a = angle of attack
7 = flight-path angle
e = perturbation parameter, 0 or 1
eTk = angle between Tk and the body longitudinal axis
r\j - throttle control, engine type j
\x = costate, subscript denotes related state
IJL = gravitational constant for the Earth
TT = vector containing control for each engine type
p = atmospheric density
o - bank angle
T - transformed time variable, t/e
<Pi = fuel equivalence ratio, engine type /

I. Introduction

EMERGING technology in many engineering fields, in-
cluding hypersonic airbreathing propulsion, computa-

tional fluid dynamics, and high-temperature materials, may
soon make possible a vehicle configuration that has been the
subject of study for over four decades.1 This vehicle concept is
commonly referred to as an aerospace plane. Its development,
in one version or another, is being pursued by a number of
industrialized nations. The current U.S. concept consists of a
single-stage vehicle propelled, for the most part, by airbreath-
ing engines. Most notable among the airbreathing cycles to be
employed is that of the supersonic combustion ramjet or
"scramjet." This aircraft is to be fueled by liquid or slush
hydrogen and will take off and land horizontally on conven-
tional runways. Operational objectives of the current technol-
ogy demonstration program include hypersonic cruise in the
upper atmosphere for long durations and the ability to acceler-
ate to orbital velocity. Potential missions for derivative vehi-
cles include transportation to low Earth orbit, intercontinental
passenger transportation, and a wide range of defense mis-
sions.
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This paper considers the particular mission of single-stage-
to-orbit. Here, the use of airbreathing hypersonic propulsion
and technology for greatly reduced launch operations
promises an order of magnitude reduction in the cost of plac-
ing pay loads in low Earth orbit.2'3 However, aerospace plane
operations will have to approach those of modern commercial
airlines in order to be cost effective. Guidance and control
technology dependent on premission, ground-based trajectory
optimization, typical of today's space launch industry, is inad-
equate for this task. Real-time, onboard trajectory optimiza-
tion will be required.4'5

The state of the art in trajectory optimization for complex
nonlinear systems consists of a number of well-developed
numerical methods of solution. Unfortunately, these al-
gorithms are poorly suited for onboard, real-time implementa-
tion. They are, in general, computationally intense, require an
initial guess of the solution, and are lacking in global-conver-
gence characteristics. Although some success in designing a
reliable algorithm to numerically solve a two-point boundary-
value problem in an onboard computer has been achieved for
orbit transfer,6 the diverse mission requirements and complex
control structure of a general purpose aerospace plane will
likely require that structured methods for order reduction be
employed.

Energy state approximations and singular perturbation
methods have been successfully employed to derive near-ana-
lytic trajectory optimization algorithms in the past. Near-opti-
mal feedback guidance laws have also been obtained. The
results prove suitable for onboard, real-time implementa-
tion and also contribute considerable insight into the nature
of the optimal profiles and their relation to vehicle aerody-
namic and propulsion characteristics. Early studies were
devoted to fighter aircraft performance optimization.7'9 How-
ever, many of the modeling approximations employed for
analysis of subsonic and supersonic aircraft optimal trajecto-
ries are not valid for a vehicle with hypersonic cruise and
orbital capabilities.

This paper presents an analysis of the problem of fuel-opti-
mal ascent to low Earth orbit of an airbreathing, single-stage-
to-orbit vehicle. Section II presents the singularly perturbed
problem formulation. A generic multicycle propulsion system
is defined that incorporates turbojet, ramjet, scramjet, and
rocket engines. Inequality constraints on dynamic pressure,
aerodynamic heating rate, and vehicle acceleration are also
introduced. In Sec. Ill, an algorithm for generating fuel-opti-
mal climb profiles is derived employing an energy state ap-
proximation. This algorithm results from application of the
minimum principle to a low-order dynamic model that in-
cludes general functional dependence on angle of attack and a
normal component of thrust. Analytic switching conditions
are derived that, under appropriate assumptions, govern opti-
mal transition from one propulsion cycle to another. These
conditions prove quite valuable for improving the computa-
tional speed of the algorithm. The use of bank angle to modu-
late the magnitude of the vertical component of lift is also
investigated in this section. Section IV provides an overview of
the derivation of feedback guidance laws using the technique
of feedback linearization on a stretched (boundary-layer) time
scale. Section V provides a discussion of representative numer-
ical results and details a correction procedure needed by the
energy state approximation in certain speed regimes. Section
VI completes the paper with conclusions.

II. General Problem Formulation
Consider atmospheric flight of a point mass over a spherical

nonrotating Earth. The equations governing such flight can be
reduced to a four-state model as follows:

67 = -
(Fs + L) cosa IJL cosy Fcos7

V(Fc~D)
m

-f(r,E,*,a)

(1)

(2)

mV Vr2

er= Fsnry

(3)

(4)

The perturbation parameter e, which has been artificially in-
serted, is nominally 1. It is assumed that the atmosphere is
stationary and that the thrust vector lies in the vehicle's plane
of symmetry. In Eq. (1), mass specific energy E is employed as
a state variable in place of velocity K, where

E = V2/2 - (5)

The reference point for zero gravitational potential is taken at
a radial distance approaching infinity. The symbol Kis to be
taken as

(6)

everywhere it appears in this analysis. Position and heading
dynamics are decoupled from Eqs. (1-4) by the assumption of
a nonrotating Earth and are not considered in this paper.

Aerodynamic drag of the vehicle is given by
D = qsCD(r,E, a) (7)

where
q =pV2/2

Aerodynamic lift at trim is given by

L = qsCL (r,E, a) (8)

A multicycle propulsion system composed of n different
engine cycles is assumed. Net thrust is given by

(9)

Fc and Fs are depicted in Fig. 1 and are given by

*c = E *ljTj cos(a + er/) + fj 7/ cos(a + er/) (10)
7=1 / = / > + !

Tj sin(ot + eTj) Tf sin(ot + er/) (11)

Each of the n engine cycles (i.e., turbojet, ramjet, scramjet,
rocket, etc.) is controlled by variation of the fuel flow rate in
direct proportion to command. Of the total number of engine
cycles to be considered, p are assumed to exhibit a linear
relation between fuel flow rate and thrust generation. This
assumption is typically employed for rocket engines. Each
engine of this type carries an index j and shall be controlled by
varying its throttle setting rjy. For the remaining n —p engine
cycles, the relation between fuel flow rate and thrust genera-
tion is assumed nonlinear. This behavior is typical of air-
breathing cycles. Each engine of this type carries an index i
and shall be controlled by variation in its fuel equivalence
ratio <pi.

The subscripted symbol Tk (where k represents either index
j or /) in (10) and (11) represents the net thrust generated by
any number of independent engines employing a particular

Net Thrust

Fig. 1 Partial force and moment diagram.
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cycle k. The symbol eTk denotes the angle between Tk and the
body longitudinal axis (see Fig. 1). Note that in general,

Tj = Tj(r,E, a), f t € [0,1], j = 1 to p (12)

Tt = TfaE, <pi9a), <pt € [0,1], / =p + 1 to n (13)

trk = eTk(r,E,a), k = 1 to n (14)

The total fuel flow rate / is given by

)-+ £ tof^&Aa) (15)
7 = 1 i = p + l

where c, represents the thrust specific fuel consumption for
engine typey and/max/ represents the product of thrust specific
fuel consumption and thrust at a stoichiometric fuel-to-air
ratio for engine type /. For convenience, all of the engine
throttle controls are collected into a single vector as follows:

J1 __ r I /I S"\

The control variables are angle of attack a, bank angle a,
the engine throttle settings 77,, for engine types 1 through/?,

and the fuel equivalence ratios <p/, for engine types p + 1
through n. The objective is to minimize the fuel consumed in
gaining a specified final value for specific energy, with the
performance index given by

/= -m(tff) (17)

The final time tf is free. Minimization of Eq. (17) is to be
carried out subject to maximum dynamic pressure and maxi-
mum aerodynamic heating rate inequality constraints and ac-
celeration limits defined by

«£ 0"

Ci(r,E,m, a, IT) = n\ -nlmax<Q

C4(r,E, m, a, ir) = n2- «2max ̂  0

(18)

(19)

(20)

(21)

The symbols n\ and n2 represent the accelerations in g along
and normal to the velocity vector (i.e., in the lift direction),
respectively.
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Fig. 2 Fuel specific impulse vs Mach number for the propulsion cycles used in vehicle models 2 and 3.
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Fig. 3 Dependence of the reduced solution for vehicle model 1 on the aerodynamic heating rate constraint (W/cm2).
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III. Reduced Solution:
The Energy State Approximation

Simplified Analysis
We first consider a simplified problem in which flight is

constrained to a vertical plane, the thrust vector is aligned with
the velocity vector, and thrust production is assumed indepen-
dent of vehicle angle of attack:

(7 = 0, (22)

Furthermore, we consider only that portion of the trajectory
in the hypersonic speed regime. In this regime, we need only
consider a dual-cycle propulsion system (i.e., 77 =2). The sys-
tem consists of a bank of scramjet engine modules assumed to
operate continuously at maximum throttle and a rocket engine
that can be throttled as desired. In this simplified setting, the
total fuel flow rate and net thrust can be respresented as

T = Ts(r,E)

'= cs(r,E)Ts

[0,1] (23)

(24)

where thrust specific fuel consumption is represented by cs for
the scramjet and cr for the rocket. Constraint (20), which can
lead to the requirement for intermediate values of engine
throttle settings, will be ignored.

Under these assumptions, the governing equations of mo-
tion can be written as

E = V(T-D)
m

i cosy
Vr2

er-

(25)

(26)

(27)

(28)

The control variables are now rocket engine throttle r? and
vehicle lift L. The objective remains to minimize the fuel
consumed in gaining a specified final value of specific energy.
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Fig. 4 Assumed variation in scramjet thrust with angle of attack.
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Fig. 5 Reduced solutions for vehicle model 2 as scramjet design angle of attack is varied.
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Setting e = 0 in Eqs. (25-28) reduces the order of the dy-
namic system to 2 and results in what is conventionally re-
ferred to as the energy state approximation. Note that in the
application of singular perturbation theory the solution is
represented by a powers series expansion in e. The energy state
approximation corresponds to the zeroth-order term in that
expansion and is referred to, henceforth, as the reduced prob-
lem. In essence, altitude and flight-path angle dynamics are
assumed fast in comparison to energy and mass dynamics, and
altitude now takes on the role of a control variable.9 The
differential equations [Eqs. (27) and (28)] are reduced to alge-
braic equations, which yield the following relations:

To = 0 (29)

(30)

The subscript zero denotes reduced solution values and is
omitted in the following where not deemed necessary for
clarity. The reduced solution Hamiltonian is given by

where

= \EE + \mm + constraints = 0 (31)

\m(tf)= -1.0 (32)

Satisfaction of the minimum principle with respect to altitude
h and rocket throttle setting 77 is equivalent to the following
operation7'10'11:

?o*= arg maxM[K(r-£>)//]. E = const
T>D
q < gmax

(33)

<2<Qmax

Consideration of constraints (18) and (19) simply limits the
search space over whichl: the maximization of Eq. (33) takes
place. The superscript asterisk denotes an optimal value of
control. This operation yields both an optimal altitude pro-
gram as a function of vehicle energy and mass and the corre-
sponding optimal rocket throttle control. The procedure
proves computationally efficient and suitable for on-line im-
plementation. However, further improvements in computa-
tional speed can be obtained.
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Fig. 6 Comparison of the guided solution for model 3 with reduced solution.
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Fig. 7 Comparison of reduced solutions for model 3 with and without compensation for flight-path angle effects.
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Note that r} appears linearly in the Hamiltonian. The result
is a bang-bang control solution for rocket throttle setting.12 A
switching condition for rocket throttle S can be determined by
evaluating dH0/drj and is given by

= \E(V/m)~\mcr (34)

However, because of costate dependence, further manipula-
tion of Eq. (34) is necessary to determine its algebraic sign.
Using Eq. (31) to eliminate \E in Eq. (34) and taking into
account the sign of \m yields the following analytic conditions
that govern rocket throttle setting:

77 = 0 if l(cr-cs)/cr]Ts>D (35a)

7 ? = 1 if [(cr-cs)/cr]Ts<D (35b)

The influence function \m represents the variation in the per-
formance index / with respect to mass.12 Since / = - m ( t f ) ,
\m cannot change sign (i.e., it is not possible for a reduction in
vehicle mass as fuel is expended along the climb path to
increase the final mass of the vehicle). The analytic test condi-
tions (35) can be used in place of the search loop for 17 in Eq.
(33). This substitution results in significant computational
savings.

Intermediate values of rocket throttle setting (i.e.,0<r;<l)
are not optimal. This fact is revealed by examination of the
matrix Huu, which is required to be at least positive semidefi-
nite along an optimizing singular arc.12 Here, the symbol u
represents a general control vector. For convenience in pre-
senting this argument, V rather than h is taken asvthe control-
like variable, so that UT =[V,vj\. The determinant of Huu,
which is symmetric, must be greater than or equal to zero for
positive semidefiniteness. However, it can be shown that

uu= -{HVr,}2 (36)

Thus, the determinant of Huu is negative for HVri ^ 0. Since
HVr, is nonzero in general, intermediate values of rocket throt-
tle setting cannot be optimal.

It can happen that the velocity set is not convex in a region
of interest, and, in the absence of convexity, one cannot
guarantee that an optimal control exists. Thus, a test for
convexity should be made, and the possibility of a chattering
control solution considered. Conclusions regarding this matter
are model dependent and are discussed in Ref. 13. Let it
suffice to say that no chattering solutions for rocket throttle
control were found for the vehicle models examined.

The reduced solution costates are not required to determine
the reduced solution altitude profile and corresponding rocket
throttle controls. However, they are needed in subsequent
boundary layer analysis. Assuming that the heating rate con-
straint is independent of angle of attack, they are determined
as

= 0 = X

2KV2L0
0 qs

fm
(38)

m()

where the approximation for \mQ is obtained by neglecting the
contribution of induced drag in the deriviation of d\mQ/dt.14

General Analysis
Consider now the full model complexity formulated in Sec.

II with the exception that flight remains constrained to a
vertical plane. That is, consider flight over the entire Mach
range, including the subsonic and supersonic regimes. Assume

a multicycle propulsion system consisting of turbojet, ramjet,
scram jet, and rocket cycles (i.e., n = 4). Allow for a compo-
nent of net thrust normal to the velocity vector and consider
the possibility that the performance of one or more of the
air breathing engine cycles is dependent on vehicle angle of
attack. Consider also the constraint on axial acceleration given
by Eq. (20). The method for obtaining the reduced solution
proceeds as before.

Setting e = 0 in Eqs. (1-4) reduces the differential equations
(3) and (4) to algebraic relations:

- V2/r)-Fs

(39)

(40)

The reduced solution Hamiltonian is again given by Eq.
(31). Satisfaction of the minimum principle with respect to h
and TT is equivalent to the following operation:

= arg E = const
q < gmax

(41)

where at each step in the search procedure, a0 is iteratively
determined to satisfy Eq. (40) at trimmed conditions. This
operation yields both an optimal altitude program as a func-
tion of vehicle energy and mass and the corresponding opti-
mum engine controls. Note that the number of nested search
loops can be large, leading to a significant, though manage-
able, computational burden. As in the previous subsection, it
is desirable to substitute analytic switching conditions for
engine throttle control search loops whenever possible, thus
decreasing the time required to obtain a solution.

Drag will typically be nonlinearly dependent on vehicle lift
LQ. Unlike in the previous subsection, L0 now depends on
engine controls through Fs, as given in Eq. (11). Thus, the <pf
and the 77, both enter nonlinearly in the Hamiltonian. If we
neglect the dependence of reduced solution drag on the sine
component of net thrust Fs, then the 77, enter linearly in H0. In
such case, we have bang-bang solutions for the rjj with possible
singular arcs along which intermediate throttle settings may be
optimal. The switching functions are determined as before
from dHo/d^j. Following the elimination of costate depen-
dence, they are given by

Sj = {/(TT) cos(a + eTj)/lFc(ir) - D]} -
(42)j = 1 + n to p

Throttle settings are then governed by the following relations:

if (43a)

singular if Sj = 0 for finite time (43b)

if Sj>Q (43c)

The 'Sj are dependent on the yk,k ^j. Thus, an iterative
procedure is required to arrive at the optimal combination of
throttle settings ifj > 1. When appropriate, conditions (43) are
used to eliminate one or more of the search loops in Eq. (41).

Switching Conditions for Mutually Exclusive Cycle Operations
Thus far in the analysis, it has been assumed that each

engine cycle can be independently controlled. Since much of
the captured mass flow and some or all of the engine hardware
will be shared by the various engine cycles employed, it is
perhaps useful to consider operation of the various airbreath-
ing cycles as mutually exclusive.

One can view the case of mutually exclusive engine cycles as
a problem in which the system equations are discontinuous at
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cycle transition points along the trajectory. Following the
terminology of Ref. 12, suppose that one set of system equa-
tions,

x = j(i)fau^^ (44^

applies for t <ti9 where t\ is free, and another set of system
equations applies for t>t\, namely

(45)

Here, x and u denote general state and control vectors, respec-
tively. It is necessary for optimality that

(46)

Condition (46) can be used to determine the optimal point of
transition from one set of system equations to another. In this
case,/(1) and/(2) differ only by the maximum thrust produced
by the particular engine cycle being employed and by the
associated difference in fuel consumption. Satisfaction of Eq.
(46) can be reduced to the following equality where the condi-
tion H0 = 0 has been employed to eliminate costate depen-
dence

j cos(a - D] _ [Tj cos(o; + er/) - D]
(47)

This result is, in fact, obvious from examination of Eq. (41).
That is to say, points at which a change in engine cycle can
occur require that the function to be maximized be equal for
either choice of the propulsion cycle. When the functional
evaluations are not equivalent, one or the other is greater and
dictates the optimal choice of cycle. In reality, dual cycle
combustion over a finite range of Mach number will likely be
required to smoothly transition from one engine type to an-
other.15

Bank Angle as a Control
It is reasonable to assume that the performance of scramjet

engines will be sensitive to vehicle angle of attack. Further-
more, it is quite likely that thrust production will depend on
angle of attack in a nonlinear way. Given that this is true, any
particular engine installation will exhibit an angle of attack for
which engine performance is best. This angle of attack for best
engine performance, call it the design angle of attack, may in
turn vary with Mach number.16 If such nonlinear behavior is
assumed and the optimal flight path is constructed using Eq.
(41), one finds that, since fuel optimization is very sensitive to
engine performance, the optimal trajectory tends to remain on
a contour along which the design angle of attack is main-
tained.

It has been suggested that various design constraints could
lead to a vehicle configuration for which overall performance
is improved in a given Mach regime if the design angle of
attack is maintained while flying at lower altitudes and, hence,
at higher values of dynamic pressure. Of course, maintaining
the design angle of attack at a higher dynamic pressure gener-
ates additional lift. This additional lift causes the vehicle to
immediately climb above the desired flight path. Thus, in
order to fly along such a path, the extra lift associated with
maintaining the design angle of attack must be eliminated.
One procedure suggested for accomplishing this task is to roll
back and forth in such a way that, on average, the component
of lift in the vertical direction is reduced to that required to
maintain the optimal climb rate. It could be more practical to
appropriately offset the initial vehicle heading and to then
execute a single coordinated turn that accomplishes the same
objective. However, flexibility in compensating for errors
would then be reduced. Bank angle was introduced as an
optional control variable in order to allow designers to use this
algorithm to investigate and trade between the increased com-

plexity of variable geometry engines that can alter the design
angle of attack as needed and fixed geometry installations that
lack such freedom.

With bank angle thus introduced, satisfaction of the mini-
mum principle with respect to h, TT, and a is equivalent to the
following operation:

= arg E= const
q < qmax
n, < rt,maY

Fc>D
Q < Qmax

(48)
where bank angle a is determined so that

L cosa = L0 (49)

IV. Boundary-Layer Analysis:
Feedback Guidance Laws

The unconstrained, zeroth-order, initial boundary-layer so-
lution associated with Eqs. (1-4) is obtained by introducing
the time transformation T = t/e and again setting e = 0. That
is, energy and mass are held constant while altitude and flight-
path angle dynamics are examined on a stretched time scale.
The resulting necessary conditions for optimality yield an
optimal feedback guidance law for lift control that depends on
the unknown costate X7. In the absence of a state inequality
constraint such as Eq. (18), the reduced solution serves as an
equilibrium point for the boundary-layer dynamics. In such
case, a suitable approximation to \ can be obtained by lin-
earizing the boundary-layer necessary conditions about the
reduced solution.17 However, for energy levels where the re-
duced solution lies on the state constraint boundary, the re-
duced solution may no longer serve as an equilibrium point. In
fact, the theory for applying singular perturbation analysis to
problems with state inequality constraints is not yet fully
developed. Reference 18 examines the major issues that must
be addressed in developing the theory. It is noted that the
boundary-layer dynamics are of finite duration on the fast
time scale for many problems of practical interest. Two possi-
ble solution methodologies are also presented. However, in
this section, we examine an effective suboptimal approach for
treating the boundary-layer altitude and flight-path angle dy-
namics. The boundary-layer control solution for engine throt-
tle settings are similar to those of the reduced solution. The ̂
enter the Hamiltonian linearly, but the switching conditions
that govern their behavior are also dependent on the unknown
costate Xy. This dependence drops out of the switching condi-
tions if the sine component of thrust Fs is neglected, yielding
conditions (42) and (43).
Feedback Linearization

As an alternative approach to handling the control of alti-
tude and flight-path dynamics, a nonlinear transformation
(NLT) technique, sometimes referred to as feedback linear-
ization, can be employed as follows.13 Consider, first the
boundary-layer altitude and flight-path angle dynamics given
in Eqs. (27) and (28) on the transformed time scale r — t/e.
Take successive total time r derivatives of r until explicit
dependence on the control appears:

d2r L V2

-r^ = — cosy + — cos27 - -^dr2 m r r2 (50)

The control L appears in the second time derivative and we
define £/, the pseudocontrol, as

It is desired that U be determined as follows:

(51)

(52)
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where r0 denotes the reduced solution radius at the current
energy level, and the time derivative of r0 denotes the climb
rate required to stay on the reduced solution climb path as
energy is gained. This climb rate can be estimated by defining
an appropriate increment in energy, evaluating the reduced
solution at this higher energy level, and then estimating the
required climb rate using a forwards difference.

The inverse transformation is defined by solving for L in
Eq. (51) using Eqs. (50) and (52),

L = [U + f - (V2/r) cos2y]m/ cosy (53)

This lift control solution is constrained directly by Eq. (21).
Note that, as r and y approach their reduced solution values,
Eq. (53) approaches the reduced solution value of lift given by
Eq. (30). Taking the Laplace transform of Eqs. (51) and (52),
it can be seen that the transformed system is mathematically
equivalent to a linear system whose closed-loop transfer func-
tion is given by

G(s) = (Kds + Kp)/(s2 + Kds + Kp) (54)

The gains Kp and Kd for the second-order system can be
written in terms of the damping ratio f and natural frequency

i&>- _ 2 is __ o>x. f^s^

The performance of this controller can be dictated by selecting
the values of Kp and Kd to yield the desired dynamic response.
This lift control solution applies equally well to the uncon-
strained or the state inequality constrained case.

Direct extension of the lift control solution presented earlier
to include the angle-of-attack effects included in Eqs. (1-4)
results in the following feedback control law:

(56)

The pseudocontrol U is again defined by Eq. (52) and as
before the proportional gain Kp and the rate gain Kd are
selected to yield the desired controller performance. The appli-
cation of this technique for a general class of aerospace plane
tracking problems is discussed in Ref. 19.

V. Numerical Results
Vehicle Models

Three different vehicle models were employed to generate
the numerical results presented in this section. The first, re-
ferred to as model 1, is based on a hypersonic research vehicle
concept studied by NASA in the 1970s and is powered by a
combination of scramjet and rocket propulsion.14 This model
is useful only in the hypersonic regime. The second model is
based on a general hypersonic aerodynamic model example
(GHAME) developed more recently by NASA.20 A nominal
configuration of 233.4-ft total length and 300,000-lb gross
takeoff weight was assumed. The trimmed aerodynamic char-
acteristics were taken directly from the GHAME II documen-
tation (where II refers to the data set generated via the hyper-
sonic arbitrary body program, not the original data set
assembled using experimental data) and extend from takeoff
to orbital velocities. Thrust is provided by a multicycle propul-
sion system composed of turbojet, ramjet, scramjet, and
rocket engines. The airbreathing propulsive characteristics
were adopted from Ref. 21. A rocket, sized for orbital inser-
tion (roughly 15,000 Ib of thrust in vacuum), is assumed avail-
able over the entire Mach range. Because of the simplicity of
this engine data, this system corresponds to the case p = n = 4
in Eqs. (10), (11), and (15). As a result, the switching condi-
tions given by Eqs. (43) can be used to determine all of the
cycle transition points. Figure 2 presents the adopted variation

in fuel specific impulse with Mach number for the various
engine cycles. A third model was constructed by combining an
aerodynamic data set provided by NASA Langley Research
Center (referred to as the Langley Accelerator) with the
propulsive data described earlier. Additional details regarding
these models are available in Ref. 11.

Note the limitations of these vehicle models. The various
engines were roughly sized by trial and error. The combina-
tions of engine and airframe data do not represent properly
integrated configurations. The generation of scramjet thrust
due to mass ejection when operating above a stoichiometric
fuel-to-air ratio is not modeled. Thrust induced pitching mo-
ments, which can be significant,13 were not considered when
trimming the aircraft.

A simple model for convective heating rate per unit area Q
was adopted from Ref. 22:

= (4.919E-08)p°-5 F3-° (57)

Equation (57) gives Q in W/cm2 given density in kg/m3 and
velocity in m/s and corresponds to equilibrium conditions on
the surface of a sphere or wing leading edge 10 cm in radius
and cooled by reradiation alone. For reference, a contour of
Q = 800 W/cm2 in the altitude-velocity plane corresponds
roughly to a contour along which skin temperature remains at
approximately 2000°F, 3 ft aft of the leading edge assuming
laminar flow.23

Reduced Solution: Simplified Analysis
Reduced solution trajectories were first generated by carry-

ing out the maximization process indicated in Eq. (33) over an
energy range corresponding to V - 5000 ft/s at h - 0 to
F = 25,000 ft/s at h =200,000 ft. Figure 3 depicts a set of
reduced solution trajectories for model 1 in the altitude-veloc-
ity plane. Dynamic pressure is limited to 2000 psf, whereas
maximum allowable heating rate is varied. The trajectories
follow the dynamic pressure constraint boundary until the
specified contour of maximum heating rate is encountered.
The paths then follow the specified constant heating rate
contour until reaching the trajectory for which no heating rate
constraint was enforced. At this point, the heating constraint
becomes inactive and the trajectory rejoins approximately the
unconstrained climb path. The performance penalty paid in
enforcing the heating constraint is presented in Fig. 3 as both
time required and percent gross weight consumed to achieve
an orbital energy level. This performance penalty must be
weighted against the complications of using active cooling, the
weight of heat shielding, and various other factors in the
vehicle design process.

The mechanism causing the altitude discontinuity at a veloc-
ity of 22,000 ft/s is discussed in Ref. 17 and is similar to that
which has been noted in the transonic region for supersonic
fighter aircraft.7 Included in Fig. 3 is the rocket switching
surface, i.e., the contour along which the switching function
[Eq. (34)] remains zero. At altitudes below this contour, the
optimal rocket throttle setting is zero, whereas above the
contour, the optimal throttle setting is one.
Reduced Solution: General Analysis

Computational investigations of the sensitivity of scramjet
performance to changes in angle of attack predict highly non-
linear behavior.16 Figure 4 presents a scramjet thrust scaling
factor employed to model this effect. This figure is based on a
liberal interpretation of the computational results presented in
Ref. 16. This curve is shifted with respect to the horizontal
axis in order to represent inlet designs that favor maximum
engine performance at an angle of attack other than zero.

Figure 5 presents variations in the dynamic pressure con-
strained reduced solution trajectories for model 2 generated by
carrying out the maximization process indicated in Eq. (41)
over the energy range from takeoff to orbit. No heating rate or
acceleration limits are enforced. Thrust variation with angle of
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attack for both the ramjets and scramjets, as depicted in
Fig. 4, is included. The angle of attack for best engine perfor-
mance is varied over the range from 0.5 to 3.0 deg. The
horizontal bars indicate the velocity range over which the
operation of each engine cycle was deemed optimal, including
regions of cycle overlap. When only scramjets are operating,
the vehicle tends to prefer a path along which the design angle
of attack is strictly maintained. As a result, significant varia-
tion in the optimal altitude profile is evident. The performance
penalty paid for a change in the design angle of attack was
determined to be modest, since in this Mach region, the accel-
eration capability of the vehicle is high. However, the corre-
sponding variation in heat load could lead to significant
changes in the design weights of vehicle heat shield and heat
load management hardware, directly impacting payioad deliv-
ered to orbit. When the thrust scaling factor of Fig. 4 is
assumed Mach dependent in accordance with the results of
Ref. 16, further variation in the trajectory is experienced.11

The peak in the trajectories at approximately 3000 ft/s in
Fig. 5 is due to turbojet shutdown. This peak is significantly
reduced when the turbojet inlet area is increased, indicating
that the climb away from the dynamic pressure constraint
boundary is due to the decreasing level of thrust available
from the turbojet as the Mach number increases. With an
increase in altitude comes a reduction in vehicle drag. The
turbojet switching surface is encountered at an altitude of
approximately 75,000 ft and the turbojet is shut down. The
SCRAM JET almost immediately switches on and, with a
much greater magnitude of thrust, can sufficiently overcome
vehicle drag, even at a higher dynamic pressure. Thus, the
trajectory returns to the dynamic pressure constraint
boundary. Note that the ramjet is turned on at a very low
Mach number (i.e., M = 0.81) even though it is extremely
inefficient in this speed range (see Fig. 2). This behavior has
been noted by past researchers and is due to the presence of a
pinch point (i.e., a point of minimum thrust minus drag) in the
transonic region. The size of the ramjet was selected without
regard to its weight. However, optimization of the vehicle
configuration must take into account the mass of each engine
installation. Results obtained indicate that the optimal trajec-
tory for such an optimized configuration may prefer the use of
rocket (rather than ramjet) thrust to augment turbojet thrust
at the transonic pinch point.11

As stated earlier, cycle operations are represented in Fig. 5
by horizontal bars. The transition points were found to be
very nearly the same for thrust independent of, or dependent
on, angle of attack. The overlap in airbreathing cycles is, in
fact, desirable to provide smooth cycle transitions. For model.
2, turbojet sizing requires about 25 ft2 of inlet area, whereas
the total number of ramjet modules selected require 200 ft2 of
inlet area. Thus, it should be possible to start the majority of
the ramjet engines in a sequence that avoids excessive acceler-
ations while maintaining turbojet thrust. Once the velocity for
turbojet shutdown is reached, turbojet airflow can be diverted
to the remaining ramjet modules. The number of required
scramjet modules is likewise larger than the number of re-
quired ramjet modules, and a similar argument for cycle over-
lap can be made. Of course, the actual system will no doubt
share much of the engine hardware among the various cycles
employed in addition to sharing the captured mass flow. Thus,
the actual optimization of engine transitions will be more
complex.

Reduced Solution: Optional Use of Bank Angle Control
Modulation of the vertical component of lift via bank angle

variation was also evaluated for model 2. Carrying out the
maximization process indicated in Eq. (48) alters the trajecto-
ries presented in Fig. 5 only slightly. The changes correspond
to those portions of the trajectory where «0< assign- ̂ s sucn»
only a very modest gain in performance was achieved/How-
ever, if design constraints were to force the scramjet design

angle of attack to differ significantly from the angle of attack
for zero lift, much greater savings could be obtained.

Near Optimality of the Reduced Solution Climb Path
The validity of the time scale decomposition artificially

introduced into Eqs. (1-4) was assessed in Ref. 19 by a direct
comparison of a reduced solution climb path to the optimal
trajectory of the system [Eqs. (1-4)] with e = 1. Excellent
agreement between the two trajectories was obtained except in
the terminal phase, which must be treated with a terminal
boundary-layer correction. The terminal boundary-layer
problem of injection into orbit is not treated in this paper.

Simulation of Guided Flight
Figure 6 depicts the altitude time history for simulated flight

of model 3 using the derived lift control law [Eq. (53)] to track
its corresponding reduced solution. The ramjet cycle was elim-
inated and the trajectory is subject to the following con-
straints: dynamic pressure < 2000 psf, reference heating
rate < 400 W/cm2, and axial acceleration < 3.0 g. In general,
this vehicle preferred to climb in order to satisfy an axial
acceleration limit rather than to throttle back the engines. The
rapid climb at roughly 400 s is due to scramjet turn on and this
preferred behavior. The large overshoot at just before 500 s is
due to the inability of the vehicle to pull down rapidly enough
as the altitude for which n{ < 3 at full throttle is approached.
This overshoot can be reduced somewhat by careful gain
scheduling and having the controller look ahead in energy.
However, the need to fine tune the controller for each trajec-
tory generated is not desirable for the intended applications of
this algorithm. This problem has less to do with the controller
than with the generation of the trajectory itself.

Over the vast majority of the trajectory, the flight-path
angle is small and the flight-path angle rate very modest, so
that Eq. (40) provides a good approximation to the actual lift
required to follow the flight trajectory. However, when the
scramjet is initially turned on at a relatively high value of
dynamic pressure, the energy rate of the vehicle is greatly
increased. The necessity of simultaneously climbing to avoid
violating the dynamic pressure constraint boundary results in
a large flight-path angle rate. For this reason, the time scale
separation assumed in Eqs. (1-4) is simply not appropriate
over this small portion of the trajectory. A simple correction
procedure can be applied when generating the reduced solu-
tion climb path to eliminate this problem.

Reduced Solution Correction Procedure
The correction just alluded to consists of estimating the

flight-path angle along the reduced solution climb path and
estimating the time of flight between selected energy levels.
These estimates are then combined to form an estimate of the
flight-path angle rate. Relation (3) is then inverted to obtain
the value of lift that will have to be commanded to follow the
reduced solution climb path. By restricting acceleration nor-
mal to the flight path (i.e., limiting lift) as the reduced solution
is constructed, a feasible trajectory is always obtained.

Figure 7 depicts the reduced solution climb path for model
3 again with a maximum dynamic pressure of 2000 psf, a
maximum aerodynamic heating rate of 400 W/cm2, but with a
maximum axial acceleration of 1 g to amplify the problem
discussed earlier. In particular, 7 = 0 in the lift calculations.
Also depicted is the modified trajectory when the correction
method described earlier is implemented (7 and d7/d/ ^ 0).
The results are quite dramatic over the speed range from 3000
to 12,000 ft/s when depicted in the altitude/velocity plane.
The near vertical altitude transition at a velocity of approx-
imately 3000 ft/s is eliminated, as is the dive that followed.
The arc that follows in the velocity range from 5000 to 13,000
ft/s corresponds to the region over which the axial accelera-
tion limit is active. Less altitude change is commanded in this
region; the engines are instead throttled back to reduce the
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axial acceleration. The remainder of the trajectory, the same
for either case, constitutes flight along the heating constraint
boundary. Despite the significant change in trajectory, only
200 additional pounds of fuel are consumed and the difference
in time of flight is only about 60 s. These small differences are
due to the fact that the velocity interval from 3000 to 12,000
ft/s is traversed very rapidly in time, corresponding to only a
small fraction of the total time of flight.

VI. Conclusions
This paper has identified a number of the modeling and

analysis issues associated with single-stage-to-orbit air breath-
ing vehicles, real-time ascent trajectory optimization, and the
formulation of suitable guidance laws. In particular, an en-
ergy state approximation was shown to be useful for rapid
trajectory generation. Assumptions regarding propulsion sys-
tem character sties, namely, that they enter into the optimiza-
tion problem in a linear fashion, allow one to determine the
optimal engine transition points as a function of state using a
simple iterative test, providing further improvement in com-
putational speed. Functional dependence of scramjet thrust on
vehicle angle of attack has a major impact on the nature of
fuel-optimal ascent trajectories. The derived algorithm can be
extended to investigate impact of roll maneuvers on the index
of performance. Over those limited regions of flight where the
energy state approximation proves inadequate, simple lift cor-
rections that account for nonzero flight-path angle and flight-
path angle rate significantly improve the trajectory generation
methodology. Other researchers' comparison of a trajectory
generated with the reduced-order algorithm presented in this
paper to the full-order optimal trajectory showed excellent
agreement. Finally, feedback linearization can be applied on
the stretched boundary-layer time scale and yields an effective
lift control solution useful for vehicle guidance.
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